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Stabilization of the steady motion of a system by additional forces with minimization

of a certain functional characterizing control quality [1] is considered, The problem of
determining the form of the integrand in the quality criterion and of the controlling for-
ces from a certain class in such a way that the Liapunov function for the uncontrolied
system can serve as the Liapunov function for the same system under the action of addi-
tional controlling forces is investigated, This problem is close to the inversion problem
of analytical regulator construction [2]. The problem of optimal stabilization in some

of the parameters [3] is stated and a theorem generalizing the basic theorem on stabili~
zation in all the variables [1] is proved, Both problems are considered with specific refe-
rence to mechanical systems with a generalized energy integral of fixed sign, The results
are illustrated by means of several examples, These include the problem of optimal
stabilization of the positions relative to equilibrium and of the steady motions of a gyro-
stat satellite,

1, Let us consider the equations of perturbed motion of some system

az
dt' =X, (t, Ty ..., Ty) (¢=1,....n) (1.1)
whose right sides X, are defined in the domain
t>1t, |z, |<H, H=const>0 (s==1,...,n) (1.2)

We assume that the functions X, in domain (1.2) are continuous and that they satisfy
the conditions which ensure the existence and uniqueness of the solutions of Eqs, (1. 1)
under any initial conditions from the domain (1.2); we also assume fulfillment of the
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identities Xi(t 0y vrg 0)= 0 6=1,...,)

Let us suppose that Egs, (1,1} are associated with a continuous and unique function
V (¢, 21, ..., Z) which vanishes for z, = 0, This function is positive-definite and
can have an infinitely small upper bound. By virtue of Egs, (1,1) its derivative with
respect to time, i, e, av v " av ‘

7 '"5}"&'{" 2 —a";' X, = W(t’xlr“'tmn)
=1
is either negative-definite, or negative-constant, or identically equal to zero,

Under these conditions the unperturbed motion & == § is uniformly stable in £,. More-
over, in the case of a negative-definite function W (¢, z) the unpertnrbed motion is
asymptatically stable as in the case of a negative-constant function W (z) if the right
sides of Egs. (1.1) do not depend on time and if the manifold W (z) == 0 does not con-
tain entire motions of system other than the motion z = 0 [41.

There have been frequent attempts to make the unperturbed motion x = {J asymptot-
ically stable in such a way as to minimize the integral

o0

J=Sowtam, .. a0, .. ) (1.3)

i
characterizing the quality of the transient process for all initial conditions from the
domain t>t, |&|<H,<<H  (s=1,....n) (1.4)

by subjecting the system to a system of additional forces of the form Yalt, 24y ooy 23
Uy, +e.y Uy) defined in domain (1,2).

The integrand ® (£, , &) in (1.3) is a certain continuous nonnegative function
defined in domain (1,2). The controlling forces u; = u; (¢, 2, ..., 5} must be defined
and continuous in domain (1, 2) and satisfy the equations

u; (t, 0, ..., 0)= 0 (j=1,..7
We also assume that the right sides of the system of equations
%‘L =X, (T, )P Y (82 T Uy, Uy) 1.5y
satisfy the conditions of existence and uniqueness of the solutions in domain (1, 2) ;more-
over, Y2 (¢, 0, ... 0; 0, ..., 0) = 0.

The symbols u; [¢] represent the magnitudes of the controlling forces u; [t] =
= uj {t,xy [t], ., 2, [t]} as functions of the time alone which are realized in system
(1. 5) for uy = uy (t, 4, ..., a,); the symbols z, {¢] represent those motions of system
(1. 5) which are generated by the control u; [z}

The solution of this problem, i, e, the controlling forces u; = u;® (¢, 2} which ensure
the asymptotic stability of the motion £ = 0 by virtue of Egs, (1. 5) and minimize inte-
gral (1, 3), can be determined with the aid of the familiar basic theorem [1] on optimal
stabilization which is a modification of the Liapunov theorem en asymptotic stability
with allowance for certain considerations of Bellman’s dynamic programing method. As
we know, the problem is reducible to the determination of the Liapunov optimal function
Ve (¢, 2) and of the optimal controlling forces u;° (¢, z); the former satisfies a partial dif-
ferential equation which must be solved with allowance for a single additional inequality,
This constitutes a quite difficult problem [1].

In this connection we pose the question of the form which the known function
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o (t; x; u) in integral (1. 3) for the uncontrolled system under consideration must take
in order for the Liapunov function V (¢, ) which solves the problem of the stability of
the trivial solution of system (1.1) to serve as the optimal Liapunov function V° (¢, )
for the same system under the action of the additional controlling forces Y, (¢; ; u)
when the equations of perturbed motion are of the form (1, 5).

It is clear that this question is closely related to the inversion of the problem of ana-
lytical construction of regulators, and also to the problem of selecting an optimizing
functional [2].

For simplicity we shall limit our investigation to the class of functions ® (t; =; u)
of the following structure : .

(.O(t;:z‘, u)=F(t1x19--' 'xn)+S!S = Z Biiu'iu’i (16)
f,j=1
where F (¢, ) is a nonnegative function to be determined and § is a given positive-
definite quadratic form with symmetric coefficients ﬁi j= p 1i and to the class of addi-
tional forces Y, (¢; z; u) linear with respect to the controlling forces,

Y,z u)= 2 My (E, Xy, - o o, Ty) Uj 1.7
i=1
Let us find the time derivative of the Liapunov function ¥ (¢, z) known for system
(1.1) by virtue of system (1. 5) with allowance for (1, 7)

. +Z P vy =Winn+ 3L o LS my (1.8

at =1 9%, =1 s J=1

and construct the following expression [] with allowance for (1.6):

B(Vit,z;u] = W (t,2) + 2 > LS+ F e+ S b (1.9

s j=1 ij=1
By the conditions of the optlmal stabilization theorem this expression reaches its
minimum value of zero for #y = u;°, The optimal controlling forces satisfy the equa-
tions n

9B __ v my;+ 2 2 B”u, =0 (¢=1,...,r) (1.10)
au. —t d:n.
Solving Egs. (1.10), we obtam ; n
u,- (¢t x) = Z Tmik G=1.,...,1r) (1.11)
k=1 =1 9%;

Here A, is the algebraic complementoftheelement ; of the determinant A =
= || Bis || > 0.

Since the terms dependent on yy in expression (1.9) can be expressed as

n

av

32 Smurt 3 By = 2 By — ) )= S, B

o=t 9%, j=1 {,j=1 t.j=1
with allowance for (1, 11), it clearly follows that the expression for B [V; ¢, z; ul
with respect to 4y attains its minimum value for u; = u,’.

Substituting values (1,11) in place of u; in expression (1. 9) and equating the result
t : .
0 zero, we obtain the equation BIV: ¢ z u) =0
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from which we obtain the function

r
F(t,a2) = —W(t,z) + D) B’y 1.12)
1,j=1

If the function W (f, z) is negative definite, the function F (¢, ) is positive-defi-
nite ; on the other hand, if the function W (¢, ) <0, the function F (¢, z) is gene-
rally positive-constant,

From Eq, (1,12) we see that the function F (¢, z) depends not only on the given
Liapunov function V (¢, ) and its derivative W (¢, z), but also on the coefficients of
the form § (1.6) and on the elements of the matrix | My ﬂ of additional forces (1. 7).
In other words, it cannot be determined uniquely from the functions ¥ and W. Only in

the particular case where the coefficients m,; are such that
n

:‘_Vam‘k=0 (k=1,....7) (1.13)
do we have =1 9%
F(t, zy=—W(t 2) (1.14)

In this case formulas (1.11) imply that the controlling forces
up(t, 2y =0 (=1, .., 7)
We have thus established the structure of the function F (¢, Z) occurring in (1, 6), so

that quality criterion (1, 3) becomes
(2]

J=\ (_ W (¢, [t]) + ‘2‘. Bty + Bi,uiu,-) dt (1.15)

1o J=1 i,j=1
Positive~definite function (1.12) in quality criterion (1, 3),(1.15) ensures a specific
law of decay of the motions z, [t] ; the solution of the optimal stabilization problem
is therefore sufficiently simple and obtainable in closed form, These facts in a certain
sense justify [1] the choice of class (1. 6), (1. 7).
By virtue of system (1. 5) with allowance for (1, 7), (1.11),(1.15), the time derivative
of V (¢, z) is given by .
dV o o
=z = W(t,x)—Z Z B”u, Uu; (1.16)

i,j=1

All of our statements concerning the sign of the function F (¢, ) are also valid for
the sign of the function — dV/dt.

Hence, if the function W (¢, z) is negative-definite, then controlling forces (1.11)
ensure the asymptotic stability of the unperturbed motion z = 0 by virtue of Egs.(1.5)
(as in the case where the function W (x) is negative~constant or identically equal to
zero) ; moreover, the right sides of Eqgs. (1. 5) do not depend explicitly on time, provided
the manifold M of points where r

W (x) — 2 Z Buiu; =0 (1.17y
1,j=1

does not contain entire motions of system (1. 5) provided that 7 = 0 [4]. In both cases
we have oo

{ (Fet,= 1+ S B’ [0 w5 (1) dt = min § (F (¢, 2 14) +
1

i to

ij=
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b 3 B [ty 101 dt = V (o, 2 (1) (1.18)

i,§=1
where the function F (¢, Z) is defined by Eq. (1.12).
We note that the results remain valid as in the case of a scalar control when

r
U=u (el D) Mj=my, 2)B;=B>0
i=1

Here we have just one equation of the form (1, 10), which instead of (1,11) yields

n
o ! v (1.19)
o - —_—m .
v 28 .='1 ozy

so that expression (1,12) becomes

F(t, o)=—W{t, z)+z§(2 _"‘Lm.)’

Quality criterion (1.15) can be written as

¢ 1 < av .
J._S“[-—W(t, z) +_<’=| o ) + Bu'] (1.20)
and manifold (1.17) as n
W (z) — A o \? 1.21
(x) 38 (El oz, m,) =0 (1.21)

We have thus proved the following theorem,

Theorem 1.1. If a positive-definite function ¥ with an infinitely small upper
bound is known for stable system (1.1), then this function is the optimal Liapunov func-
tion for system (1, 5), (1. 7) optimized by controlling forces (1, 11) or (1.19) with respect
to functional (1,15) or (1,20) in cases when the function W is negative-definite or when
W < 0. The right sides of system (1. 5) do not explicitly depend on time, and mani-
fold (1,17) or (1,21) does not contain entire motions of system (1. 15) other than x = 0.

Corollary, If there exists at least one nonzero matrix which satisfies condition
(1.13), then system (1, 1) whose asymptotic stability has been established by way of some
Liapunov function ¥ can be regarded as the optimal system, i. e. as the solution of the
problem of analytical construction for system (1. 5) (1. 7) optimized with respect to the

functional [2] il
J= g [_- Wt z) + 2 ai,-uiuj] dt
i i, j=1
In the case where the manifold M defined by Eqs. (1.17) or (1.21) contains entire
motions of system (1. 5) in addition to z = 0, controlling forces (1, 11) ensure simple
stability of the motion z = 0 by virtue of Eqs, (1. 5) ; moreover,

0 r
Vit 2= (Ft. 2 1)+ 3 B (1w 141) o 4
o i, j=1

+V 2 D =min({ (F (206D + 3} B (1w 1e]) de + V (¢, 2 (4o
1y

i, j=1
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The validity of this expression can be verified by comparing the results of integration
over ¢ from 0 to ocoof Eq, (1.16) and of the inequality
r

Vv
Bo>—F 2 )= 3 Buw® [Hu* 1]
i, j=1
where u*; (¢, z) are some functions which also solve the problem of stabilization of the
motion x = 0 for Egs, (1. 5) for initial perturbations from domain (1.4) [1].
Example 1,1. Let us consider the system of differential equations [5]

n
dz
—d—t'- = ,-2_11 ParZr

where the continuous bounded functions p,.(f) are such that
Psr = — Pra (r £ 8), pss < — h = const <0
for any £ > 4.
The asymptotic stability of the motion z = 0 can be verified by means of the Liapu-
nov theorem by constructing the function

n n
1 av
V=T 21..1, 'EF':W:Z Py’
=1 8=1
The function V is optimal for the controlled system

(62}

_ n B n | n
- = El Parr + mgu, J= S,. (_ .§l PasZs® + e (§1 mu’u)z + B"’) dt

where m, are continuous functions of time, B = const 2> U, and the controlling optimal
force is W = —1of (myzy + ... + mpzp)

We note that the latter system is also asymptotically stable for u = u® and my = m (),

my =0 (s =2, ...,n) when
Pu — amB < —h, Py < = h (8=2,..., 1)
forany t > to .

Example 1,2, Letus consider the stabilization in a central force field of the
circular motion of a material point controlled by a reactive force, The solution in linear
approximation is obtained in [1]. Retaining the notation of [1], we can write the equa-
tions of perturbed motion of the point in the form

dz dzy B Vprotzt
ar =t dt " (ro+ o) (ro+ =)®
dxs ro 4+ o b Cr
= =g

For u = 0 these equations have the first integrals

e 2
(Vpro z3) 2 B const,  Va= z;=const

(re+z)2 ~ ro+=n ro
from which the positive-definite Liapunov function

o 3
V=V1-—2l/;€;ﬂ Va+ AVs?, W =0 (k.—_const>-;o—2)

Viz= 292 -+
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can be obtained by the Chetaev method,
Setting o (z,u) = F (z) + Pu? in (1. 3), we obtain the optimal controlling force

1 oV oV rota 1 i 2V[T;o :l
u'ma-—-—z-g(—a;.— —a;;T)mmT[bzg+(7\.+r_°")33-—-"_‘r';§"‘21+-..

where the ellipsis represents second- and higher-order small terms and also the function

F(,,=z%(2.‘.’.. _‘1"_"'_“‘_fl_>’

It is obvious that manifold (1.17) does not contain entire motions of the controlled
motions under consideration for A > %/rg* and ¢, & 0.

0y + dxs ro

2. Let us consider the following equations of motion of a holonomic mechanical sys-
tem in Lagrangian coordinates:

d 4L %L _ o

dt og; a9,

1

(t=1,....n) (2.1)

whose equilibrium position is the point ¢; = 0, ¢;" = 0, The Lagrange function is
not explicitly dependent on time and generally has the structure L (g, q) = L+
+ Ly + L.

In this case Eqgs, (2. 1) have the following (generalized) energy integral

H=D E‘Z[_‘:q{a ~ L = Ly — Ly =const 2.2)
=1 99;

Let us suppose that the function H (g, q¢') is positive-definite in the neighborhood
of the equilibrium position

i<t |ar|<h, h=const>0 (i=1,...,n) (2.3)

The equilibrium position ¢; = ¢;° == 0 of the system is then stable, This position
can be made asymptotically stable by subjecting the system to the additional forces
r

Qi= 2 mi;(@)u;(gngs)  %;(0,0)=0 (2.4)
i=1
so that the equations of motion become

%} (£=i'-"vn) (2'5)

By virtue of system (2. 5), the time derivative of the function M is given by

n n r
dH .
- = 2 Qi = 2 Z mie; 9 (2.6)
i=1 i=1 j=1
If additional forces (2. 4) are such that
Qg + ... +Ontn’ <O (2.7)
and if the manifold
Q' + .o +Cng’a=0 (2.8)

does not contain entire motions of system (2. 5), then the equilibrium position becomes
asymptotically stable [4],
Let us determine which controlling forces u; == u;® ensure the asymptotic stabilization
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of the equilibrium position with minimization of the functional

J—S(F(g.q)+ ZB‘,uu)df (2.9)
i,j=1
where F (q, q)isa nonnegative function to be determined, and where the quadratic
form is some given positive-definite function of the controlling forces.
Let us write equations of the form (1. 10) with the aid of the results of Sect, 1; they turn

out to be
3, mae +2 2 Bt =0  (=1.....n
i=1
and yield . TAL R
“5°=——2-k2-—§ii2mmqi' G=1,....7 (2.10)
=1 =

i.e. the controlling forces are linear functions of the generalized velocities,
Replacing the u;in the expression of the form (1., 9) by the above values and equating
the result to zero, we obtain an equation which enables us to find an expression for the

function
F(g,0)= 2 Bjusu’ (2.11)

tij=1
which is a quadratic form of the generalized velocities,
This form, which is positive-definite in u;°, is generally positive-constant in the gene-
ralized velocities ¢;°, However, if the coefficients m;,of additional forces (2.4) are such

that the equations r
ZAijmik‘Ii"—“O G=1,...,7
k=1 i=1

have only the trivial solution ¢;" == 0 in domain (2. 3), then form (2. 11) is a positive-
definite function of ¢;'.
By virtue of Egs. (2. 5) the time derivative of the system energy H for u; = u;® is
given by dH " .
G = —2 2 Bl =—2Fg,q)
i,j=1
where y,;° are defined by Egs, (2.10); moreover, we clearly have
r
oF
g= D mu = — I
=

1

so that the quadratic form F (g, ¢°) of the generalized velocities can be considered as
a Rayleigh dissipative function ; the additional forces Q{°can be assumed to belong to
the class of dissipative forces, The dissipation in this case is either complete or partial
depending on whether function (2.11) is a positive-definite function or a positive-con-
stant function of g;". In the latter case manifold (2. 8) is of the form

2 Bijuu? =0 (2.12)
i,j=1
We note that in the case of a scalar control where uy =

Zmﬁ—mi, Z BiJ—B>0

i,7=1
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instead of (2.10),(2.11) we have [6, 7]

n

—2% D mygy,  F=pu?
i=1
Specifically, if the system is controlled with respect to the first coordinate only, then
my = m, my =0 (s = 2, ..., n), so that

¥ == —

o m . m’
W=, F.—.—Eqﬂ
and functional (2, 9) becomes
o
3
J'zS (% 4 Bus) dt
t

Let us formulate our result,

If the energy H (2.2) for system (2, 1) is a positive-definite function of the general-
ized coordinates and velocities, then it is the optimal Liapunov function for system(2.5)
optimized by controlling forces (2. 10) with respect to functional (2. 9), (2. 11) under the
condition that manifold (2. 12) does not contain entire motions of system (2, 5) other
than ¢; = qi. =0

This result complements the results of [6, 7], The conditions of stabilization by dis-
sipative forces were investigated in {5, 8],

Example 2.1. Letus consider the optimal stabilization of the positions of rela-
tive equilibrium of a triaxial gyrostat satellite [9] in an orbital coordinate system uni-
formly rotating about the y-axis at the Keplerian angular velocity @ .

Let us consider some stable position of relative equilibrium for which the generalized
coordinates ¢; (i = 1, 2, 3) defining the position of the satellite body in the orbital coor-
dinate system have the values ¢; = ¢ and in whose neighborhood the energy H is a
positive-definite function of ¢;, ¢i . We take optimizable functional (2. 9) in the form

oo 3
J:—.S (F @ )+ D) Biua’) dt
t i=1
where B, > 0 (i =1, 2, 3) and assume that the coefficients of the controlling forces
in expressions (2, 4) satisfy the conditions

my=my, my=0 (£

In accordance with formulas (2. 10) and (2,11) we obtain 3

mg 2

P=—i g (im1,3,3 Fg, )= 2 g
“ B emnre éx 8
Such controlling forces constitute dissipative forces with complete dissipation; they
ensure optimal stabilization of the stable relative equilibrium of a satellite in whose
neighborhood the function # is positive-definite, i, e. for any point of the domain of
fulfiliment of the sufficient conditions of stability, At the same time such forces disrupt
the stability achieved through the action of gyroscopic forces [5, 61.
Certain cases allow optimal stabilization of the equilibrium positions of a satellite
and forces with partial dissipation, To be specific, let us consider the position of relative
equilibrium in which the principal inertial axes z;, z2,x, of the satellite coincide, respect-
ively, with the axes z, —z, —y of the orbital coordinate system where the constant gyro-
static moment k of the gyro wheels is directed along the axis Za. The position of the
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satellite in the orbital system is defined by the Euler angles @,¥, ¢ which have the
values o = Yamt, Yo = 0, @o = Yan for the equilibrium position in question, The suffi-
cient conditions of relative equilibrium of the satellite with respect to the Euler angles
and their time derivatives are readily obtainable with the aid of the Lagrange theorem

and turn out to be C—klas>B>A4, C — Yeklae > A
where 4, B, C are the principal central moments of inertia of the gyrostat,

Let us consider the case of controlling forces with partial dissipation, where either
my = 0 or my = 0 and, respectively, f; = 0 or s = 0, but my== 0, Py == 0.

From the equations in variations for perturbed motion, namely

k5 k :
B&"+(A+B—rc+~(-—n;) umﬁz‘+(4 (€—4)— —@)W’Ex=~% &

m?

k k
AEg” — {A +B—C+ 'a";) wol1’ + (C B *m—o) oy = PN 1
m;;z .
CE:;“ + 3&)02 (B — A) E,’l = ZBJ 23

(where the £; denote the variations of the angles 8, ¢y, ¢) we see that optimal stabili-
zation of stable relative equilibrium is ensured for both my= 0 (me =£0, m, 5 0) and
mz =0 (m 0, m 0 if

2 (1:!{:v 3?{:) A-—["B—C']Lk/mo‘—‘f:o

8, Let us consider the problem of optimal stabilization of the motion of a system
with respect to some { Zy, ..., I3 ) rather than all ( z;, ..., z, ) of the variables charac-
terizing the system, This problem, like that of stability of motion with respect to some
of the variables [3], is of interest in many practical cases,

For brevity we write the equations of perturbed motion of the controlled system in

vector form , dz [ dt = X(t, z, u) (3.1)
where £ = (Y3, ++es Yns B4, -++y Zm) is the real n-vector of state of the system, where
n=k+mk>0 m>0, u=(u, .., u,) is the real control r-vector r > 0.
We assume that the real n-vector function X (¢, z, u) is defined and continuous in the
domain t>t, |yl << H, z; are arbitrary (3.2)
for all possible values of the control vector u sought in the form of the r-vector func-
tion u (¢, ¥, 2) which must be defined and continuous in domain (3, 2), We assume
that the vector functions X and u satisfy the conditions ensuring the existence and
uniqueness of the solutions of Eq. (3. 1) for all initial conditions from domain (83, 2);
moreoverl, each solution of this equation is z-continuable (in other words, every z-com-
ponent of the solution of Eq, (3, 1) continues to be defined as long as |y,] << H). We
also assume fulfillment of the identities

X(0,00=0,u(0,0=0
i.e. that Eq, (3.1) has the solution & == (. The control quality criterion can be expressed
as the minimum condition for the integral

o0

J= oz, ul)d (3.3)

o
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where @ (¢, Z, u) is some nonnegative scalar function defined in domain (3, 2).
Problems on stabilization and optimal stabilization with respect to part of the varia-
bles which generalize the corresponding problems [1] for all the variables can be formu-

lated for system (3. 1).
Let us state the problem of optimal stabilization with respect to some of the variables,
We are to find the vector of controlling forces u° (¢, z) which ensures the asymptotic
stability of the unperturbed motion £ = ( with respect to the ¥-component of the vec-
tor z (y-asymptotic stability) by virtue of Eq. (3.1) (for u = u° (¢, z)). Whatever the
other vector of controlling forces u* (¢, x) ensuring the y- asymptotic stability of the
motion & = (), we necessarily have the inequality
[eo] o
5 o (t,2° [t];u0 (1)) dt < § o (¢, 2% [t], u* (1)) e (3.4)
o to
for all initial conditions £, & (¢,) from the domain

t>0, |z, (t)|<h (3.9)

where the positive constant A is either prescribed in the conditions of the problem or
has the same meaning as in the proof of the theorem on stability with respect to some
of the variables [3],

The meaning of the problem of y-optimal stabilization makes it expedient to define
the function ® in (3, 3) and the control vector independently of the z-component of the
vector r ; however, since the former may, in fact, depend on the z~component, we
have stated the problem in its general form,

Let us recall some definitions, The fixed-sign function V (t, z) is called " y- positive-
definite” if there exists a time-independent positive-definite function W (y)such that
the difference ¥V — W > 0 in domain (1, 2).

The function V (¢, ) bounded in domain (1.2) admits an infinitely small upper
bound in y if for any arbitrarily small positive number ! there exists a number A > 0
such that [V| < 1 for arbitrary t >t ly;i | <A, z; . If the former inequality is
fulfilled for ¢ 2> #o, |x; | << A, we say that the function V can have an infinitely small
upper bound (in all its variables),

As in the case of stability with respect to all the variables, there exist several formu-
lations of the theorem on asymptotic stability with respect to some of the variables,
This in turn means that there are several possible variants of the theorem on optimal
stabilization with respect to some of the variables, We confine our attention to two of
these variants (*) [3, 10].

Theorem 3.1 (on y-optimal stabilization), If the differential equations of per-
turbed motion (3,1) are associated with a y- positive-definite function V° (t, x) which
admits an infinitely small upper bound in y (in all the variables z) and with a vector
function u°® (¢, z) satisfying the following conditions in domain (3, 2):

*) We take this opportunity to refine the formulation of Theorem 2 of [31: according
to the proof given in [3] the function V (¢, z,..., zn) must admit of an infinitely small
upper bound in Zy,.-., m. This proof is also valid if V (¢, z,,..., 2) admits an infinitely
small upper bound in z,..., 2y provided V" is a fixed~sign function in the variables

Zypeeny 2k (MRS R).
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1) the function
w(t z) = o ( z; u (t, z))
is positive~definite in y (in all the variables);
2) the equation
BIVe t; z; u(t, 2)l =0 (3.6)
is valid;
3) the inequali
J e ey B ve 4z ul > 0 (3.7)
holds whatever the numbers u; , then the vector function u® (¢, z) solves the problem
of y-optimal stabilization, Moreover,
oo o0
Voo uue ) di=min oz uind =vonzt)  (3.8)
1) 1y
Proof, All of the conditions of the theorem [3] on stability in y, e, |y, | < 4 for
t > to if [ 24| << A, are fulfilled for u = u® (¢, ) , Here 0 < 4 < H is an arbitrary
number and A >> 0 is a number defining the domain free of all points of the surface
Ve (to, ) = 1, where [ is the exact lower bound of the function W (y) under the condi-
tion ||yl = A.
It is easy to see that
Hm Vo (e, z{t]) = 0, t > o
for all initial values z,, lying in the domain |ze{ < A
Since ¥ (¢, = [¢}) is a monotonic nonincreasing function, it tends to some limit e,
V° > e,as t—> co, Let us suppose that e > 0.1t would then follow by the property of the
function ¥°, which can have an infinitely small upper bound in y (in z), that there exists
a number & defining the domain |y| <& (Jz| < &) for whose points the values of V are
smaller than e. The values of the variables ¥ (z;) would then lie somewhere in the

domain e<|y|< A e<lzl)

Let us denote the lower bound of the function — d¥°/d¢ in this domain by I’ >> 0,
Then for any ¢ > to the values of the function V° in this domain satisfy the condition
aVo/dt < —¥. The equation t Ve

VO e Vi == S "?i"t"‘dt

fo

then implies that

Ve Ve =1 {t— to)
which is impossible, since the left side of the inequality is a positive-definite function
in y, and since the right side becomes negative for sufficiently large ¢. Hence, ¢ = 0,
i,e. lim y =0 as t—oc. We have therefore proved that the controlling forces u° (¢, z)
ensure the asymptotic stability in ¥ of the motion = = 0. Now let us verify the validity
of relation (3, 8) by the method of [1], Integrating the equation

dveidt = —a (1, 2, u°)
(which follows from condition (3. 6)) along the motion z° ¢} from £ to oo and recalling
that lim ve (e, i) =0 as t— 00
we obtain o3

Ve (to, 2 (k) =\ @t 2° [t]; v [t]) dt 3.9

ta
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On the other hand, let u* (¢,2) be some control which alsoensures the stabilization in
y of the motion z = ( for initial perturbations from the domain |z, < A. Then by ver-
tue of (3,7) we have the inequality
ave/dt > —w (¢, z* [t]; u* [¢]) dt

Integrating this inequality over time from ¢y to co and again recalling the limit rela-

tion for V?, we obtain g
vetto 2 () < { 0t 2 1 we o) a
to

Comparing this inequality with Eq, (3. 9), we conclude that condition (3, 8) is valid,
The theorem has been proved,

Note 3,1, (1) The theorem remains valid for controlling forces u = u () and also
in the case where the controlling forces are restricted by some additional inequalities
| u| <a. In the latter case we merely require that condition (3, 7) be fulfilled for all
values of ¢ under the prescribed restrictions {1]; (2) the theorem is valid for the prob-
lem of y-optimal stabilization in the whole if we require fulfillment of conditions(3.6)
and (3, 7) for all y; (— oo < y; < o0) and if V° (¢, z) = oo for y — oo.

4, Let us reconsider the equations of motion of a holonomic mechanical system, Let
us suppose that the coordinates Ga (% = & =+ 1,..., B) are cyclical, i, e, that

aL/aqa=0 (a=k+1,...,n)

Equations (2, 1) then have the first integrals
p, = 0L/dq; = ca (@=k+4+1,...,n) (4.1)

Let Egs, (2.1) have the particular solution
g,=0, ¢;= 0 (=1,...,k, g, = ®, = const (4.2)

describing steady motion for certain fixed values of the constants ¢, == ¢,° . The latter
can be stable with respect to the variables ¢y, ¢;°, g5’ only; it is unstable with respect
to the variables g, Ignoring the cyclical coordinates by the Routh method, we introduce
the Routh function n
R (‘I,w q, Ca) =L~ 2 9%
as=k+1
and write the equations of motion in the form
4 R R,
dt dq j’ an.
which constitute the Lagrange equations for the reduced system,

Equations (4, 3) constitute the equations of perturbed motion for steady motion (4, 2);
once they have been integrated the cyclical coordinates g, can be found by quadratures,
Let us suppose that the function R is not explicitly dependent on time ; Egs. (4. 3) then
have the energy integral

aR .
H = j§1 Wq’ — R = R, — R, = const (4.4)

G=1,....k (4.3)

If the function H is a positive-definite function of the variables ¢;, ¢, then motion
(4. 2) is stable with respect to these variables and also with respect to pa , and therefore
with respect to g,°. Now let us subject tl.e system to the controlling forces

Qj = Mjly + ...+ my.u, (45)
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as a result of which the equations of perturbed motion become

d oL aL oL
e e ——— — 5 = = 4.6
dt a(]j- aq_ Q]’ aq“ a ( )
or,which is the same thing, .
d oR R
G orT T ag, = X M (=1, K (4.7)
s=1

similar in form to Eqs, (2. 5), Introducing an integral of the form (2. 9) and repeating

the argument of Sect, 2, we conclude that the result of Sect, 2 is valid for reduced system
(4.7), (2. 9), But optimal stabilization of the reduced system in the variables ¢;, g is
equivalent to optimal stabilization of initial system (4, 6), (2. 9) in some of the variables,

This implies the validity of the follwing theorem,

Theorem 4,1, If the function H (4,4) is a positive-definite function of the posi-
tional coordinates and velocities, then it constitutes the optimal Liapunov function for
system (4, 6) optimized in the variables q;, ¢; with respect to functional (2. 9), (2,11)
by controlling forces (2,10) provided manifold (2,12) does not contain entire motions
of system (4, 7).

Note 4,1, Since H = R: (g;, 9;) + W (gj, ca), where R: (gj, ¢;) is a fixed-sign
function in ¢, then H is of fixed sign provided the function W (g;, ¢,) = —R, is positive~
definite in gj, i, e, if it has a minimum for ¢y = 0.

Example 4,1, Let us consider in restricted formulation the problem of optimal
stabilization of the equilibrium position in the orbital coordinate system of the axis of
symmetry of a symmetric gyrostat satellite rotating at some angular velocity about its
axis of symmetry [9]. We define the position of the gyrostat body in the orbital system
by the Euler angles 8, ¢, ¢; we also assume that the gyrostatic moment is colinear
with the axis of symmetry of the satellite, The proper rotation angle ¢ is a cyclical
coordinate; ignoring the latter, we obtain the Routh function

RO, ¥, 0,9, ¢)=124[072 - §?sin®0 + 20 (Y’ sin 0 cos 0 cos P + 0" sin §)] +
-+ e’ cos B — 3/ o? (C — A) cos® 0 — /s Awx?® 8in? 0 cos? Y —
—cwosinQcosp —1/a(c—k)2/C (4.8)

where ¢ is the constant associated with the cyclical integral,
C(p ¥ cos 0 — wpsinBeosP) + k = ¢

The equations of motions have the solutions

=60, p=1po, 0 =9 =0 (4.9)
which break down into the following three families:
00 = an1, Yo =2 (4.10)
0y = Yam, cos Yo = —c/Awo (4.11)
sin B = ¢/(AA — 3C) @™, Po = 1 (4.12)

Solutions (4. 9) describe the steady motions of a gyrostat satellite in which the axis
of symmetry is either colinear with the orbital plane ((4.10)) or orthogonal to the radius
vector of the center of mass ((4.11)) or orthogonal to the tangent to the orbit ((4.12)).

Let us consider some stable steady motion for which (4. 9) have specific values and in
whose neighborhood energy (4. 4) is a positive-definite function of the variations 6, ¥,
0", ¥'. We take optimizable functional (2, 9) in the form
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T=§ (F® v 0, ¥) +Bust + Bty e

i
where g, > 0 (i = 1, 2), oassurning that the coefficients of the controlling forces in ex-
pressions (4, 5) satisfy the conditions

my; = my, mij=0 (i)
In accordance with formulas (2,10) and (2,11) we obtain
. mo e M A (mt e, M,
we =G0, w = — G, F_é(gl 02 4 Bzw) (4.43)

Controlling forces of this form for the reduced system constitute dissipative forces with
complete dissipation; they ensure optimal stabilization with respect to the variables 8,
Y, 8, ¥ of the stable steady motion in whose neighborhood the function ¥ is positive~
definite,

Now let us consider forces with partial dissipation, when either m; == 0, mz == 2 = 0
or my=0, my = B, = 0 in (4,13). The equations of motion in the neighborhood of
steady motion (4, 9) can be expressed in variations in the form

m m
& — Q" -+ @b = —"Q'E!; B, Ea" 4 Q& ey = — ";)jB‘E’ 123 (4.14)
where E; are the variations of the angles § and ¢; Q and a; are constant coefficients

given by the following expressions:
for solution (4.10),

R=2—a, ay=a-+b—~—1, ag=a—1 {4-15)
for solution (4,11)
Q=a a=08 a=1—at (4.16)
where
a = c/Adwy, b=3(C/A — 1) (4.17)
The equations in variations for solution (4,12) are of the form
14 b {1 — b)) — a? m o,

B — g 0 e El=— 7
T—b) T—b 21 (@18

m
E (1 +HE —bEy=— --'2?2‘ 12y
The equations in variations imply that optimal stabilization in the variables 6, §, §',
¥ of steady motion (4, 9) stable for a; > 0, a: >> 0 is ensured by controlling forces of
the form (4,13) for both my 5= 0, ma =0 and m; = 0, ma =& 0 under the condition
Q =% 0 (for solutions (4,10) and (4, 11)) or b 5= —1 (for solution (4,12)). The shaded

a
a 2 44
VR !
,\; \ AN N
1 -f \\\{\é\\j‘ 5/1
i
| T i
F¥ o ?

Fig, 1
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areas in Fig, 1 represent the domains of optimal stabilization by forces with partial dis-
sipation corresponding to Egs, (4,10)=(4.12) and coincident with the domains of fulfill-
ment of the sufficient conditions of stability with the exception of the straight line a =2
for solution (4, 10), the straight line @ == 0 for solution (4, 11), and the straight line

= —1 for solution (4.12) on which the conditions of optimal stabilization are not
fulfilled in the first approximation, However, consideration of the nonlinear terms in
the equations of perturbed motion indicate that the conditions of optimal stabilization
are also fulfilled on these straight lines,
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The Bellman partial differential equation involved in the synthesis of a stochastically
optimal control of the final state of a linear system is considered. Approximate formulas
and estimates of the solution are derived on the basis of the solution of the Bellman equa-
tion for the determinate variant of the problem. A numerical method of solution is pro-
posed, The problem in the one-dimensional case is reduced to an integral equation of
the first kind ; a finite formula for the solution is derived under certain additional assump-
tions,



